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Fig.3 Comparison of the steady-state model response to experimental results.

Conclusion

This Note reports on the development of a dynamic model for
pressure sensing configurationsin high Knudsen number flows. The
model, applicable to both continuum and rarefied flow conditions,
allows for longitudinal temperature gradients in the sensor config-
uration. The applicable flow regimes for the model were evaluated
by a series laboratory tests. Model comparisons are excellent for
Knudsen numbers up to 0.65. For values of k, > 0.65, free molecule
effects dominate, and the model is no longer valid. The model rep-
resents a fundamental contribution to the understanding of flow be-
havior at the limits of the continuum flow regime. The model allows
instrumentation designers to evaluate the responses of pneumatic
systems over a wide range of flow conditions that may vary con-
tinuously from continuum to slip-flow. Other potential applications
outside of aerospace include predicting the behavior of microma-
chined fluid systems where the mean free path of the working fluid
is on the order of the channel diameter.
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Postbuckling of Delaminated
Composites Under Compressive
Loads Using Global-Local Approach
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I. Introduction

O describethe damageprocessof delaminatedcompositesup to

final failure, bifurcationbucklinganalysismightnotbe enough,
and a postbuckling analysis may be required because composite
laminates have load-carrying capacity above the buckling loads.
Three-dimensional elasticity models' or layerwise plate models®
are adequate to predict postbuckling behaviors of multiple delam-
inated composite laminates. However, these kinds of analyses re-
quire large amounts of computerresources. Thus, for an engineering
analysis to save computing time and memory, a global-local anal-
ysis is a suitable choice for compromising accuracy and efficiency.
However, the postbucklingproblems for the laminates with multiple
delaminations are not reported in the global-local approaches.

The failure analysis of delaminated plates is quite complicated
because it includes postbuckling load increments, iterations of de-
lamination zone propagation, and a contact algorithm between de-
laminatedinterfaces. Thus, the numerical analysis of a failure mech-
anism involves multistep nonlinear iterations. To treat this whole
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complexity, efficient modeling for delaminated composites needs
to be developed.

Early work for a one-dimensionalmodel was performed by Chai
et al.> The research of the past 20 years in the delamination buck-
ling/postbuckling field was reviewed extensively by Simitses.* Re-
cently, multipledelaminated postbucklingbehaviorshave been stud-
ied based on the finite element method by Lee et al.’ The objective
of the present study is to develop an efficient numerical model that
can accurately analyze postbuckling behaviors for laminates with
multiple delaminationswithouta significantincreasein the memory
size.

A global-local approach for a postbuckling problem with multi-
ple delaminationsis presented. A novel transition element between
the layerwise element regions and the first-order shear deformation
zone is proposed by using a postprocess method. This transitionel-
ement is easy to implement and performs competently even in thick
composites by choosing proper shear correction factors in the first-
order model.

II. Formulations

A. Layerwise Model and First-Order Model

An N-layer, fiber-reinforced, composite beam-plate with multi-
ple through-the-width delaminations is considered. To model the
multiple delamination, the assumed displacement field is supple-
mented with unit step functions that allow discontinuities in the
displacements, as suggested by Barbero ®

The resultingin-planeand out-of-planedisplacementsU, and Us,
at a generic point x, y, z in the laminate, are assumed to be in the
following form (as in Refs. 7 and 8):

N D
Ua(x,9,2) =ty (x5, 1) + Y ¢/ (@l (x, ) + Y 8 (2t (x, y)

j=1 i=1

D
Us(x,y,2) = wx, y) + Y _ 8 @b’ (x, y)

i=1

where N is the total number of layers and D is the total number
of delaminations. The terms i’ and w’ represent possible jumps in
the slipping and opening displacements, respectively, at the L (i)th
delaminated interface. The L(i) denotes the location of an interface
where the ith delamination lies, ¢/ (z) is a linear Lagrangian inter-
polation function through the thickness of the laminates, and &' (z)
is the step function.

Adopting the von Kérman large deflection assumption with ini-
tial imperfections, the strain-displacement relations for a one-
dimensional beam-plate can then be determined from a layerwise
displacement field as

e, =&+ XN: ¢’ (2)el + XD: 8 (2)E + XD: XD: 8 (2)8" (2)&"

j=1 i=1 i=1s=1
D

N D
ve=vi+ ) ¢ QL+ Y 8 @7,

j=1 i=1

The constitutiveequationand the detailed derivationof the layerwise
theory for geometric nonlinearity are given in Ref. 7.

The displacement field of the first-order shear deformation plate
theory (FOPT) is given as follows:

Us(x,y,2) = w(x,y)
)

where u,, and w are the midplane stretchingand out-of-planedeflec-
tion, respectively. The rotational variable ¥, is the angle of rotation
at the midplane.

Considering the von Kdrman nonlinearity assumption with initial
imperfections, the strain-displacement relations for a one-dimen-
sional beam-plate can then be determined from the FOPT displace-
ment field as

Uo(x,,2) = ug(x,y) + Yo (X, ¥)Z,
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Fig.2 Geometry of a unidirectional composite with two and three de-
laminations.

sx = u.x + %w_zx + w.xs.x + wa..w J/XZ' = w.x + wx (3)

The constitutiveequation and the detailed formulationfor geometric
nonlinearity are given in Ref. 9

B. Construction of the Relationship Between Layerwise Theory
and First-Order Shear Deformation Theory

Considera domain €2 thatis modeled as independentlydiscretized
subdomains, Qy,, Qfop, and L, as shown in Fig. 1. The total po-
tential energy of the system is the sum of the potential energies of
subdomains 2y, Qfepe> and 2y

Mg = Mg, + Mgy, + Mg,

Mg = éUIC,Klelw + %Ufzlefothfopt + éUzr-KtrUtr “4)
_Ulc,Flw - Uf7;)p1Ff0pl - UZ;-Ftr

The subscripts Iw, tr, and fopt denote layerwise domain, transition
domain, and FOPT domain, respectively. The K, U, and F are the
stiffness matrices, the generalizeddisplacement, and the load vector
at each domain, respectively; and n is the number of nodes at each
domain.

The transition stiffness matrix K¢ and transition displacement
vector Uy, for each element are calculated from

K. =T"K{ T, F. =T"F;, S)

The transformation matrix 7¢ for each element is calculated from
the transverse shear strain relationship between first-order and lay-
erwise theories:

N
W+ Y dhul =k, + v)™ ©)

j=1

where the matching factor ¢* is constantat each layer. The determi-
nation procedure of the matching factor is omitted here because of
limited space; it can be found in Ref. 10.

Using Eq. (6), we obtain the matrix relationship as follows:
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where h¥ (k=1, ..., N) is the thickness of each layer, the super-

script N is the number of layers, and [ is the nodal number.

It is assumed that the out-of-plane deflection w of the layerwise
theory is the same as that of FOPT. From Eq. (8), the element trans-
formation matrix T¢ is calculated as follows:

ooy, [r on,,
o C N

1 [0]}' [1 {0}}
er = e 4 Uer’
l |: le Tfopt ‘
where T

fopt is the N x (m + 1) matrix, T}, is the N x (m + N)
matrix, and I is the m x m identity matrix. The {0} is the m x 1
vector and [0] is the m x N zero matrix. The other components of
U;. are the same as those of Uy, .

U, =TU. (10)

C. Finite Element Formulation

In the finite element model, the generalized displacements of the
layerwise model (itq, w, uy, it!,, w' ) and the first-order shear model
(uy, w, ¥, ) are expressedovereach elementas a linear combination
of the one-dimensionalquadraticLagrangianinterpolationfunctions
N, as follows:

m
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where m is the number of nodes per element.
Finite element formulations of nonlinear differential equations
yield nonlinear algebraic equations for the finite element mesh:
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The {a} is the nodal displacement vector, [K; ] the small displace-
ment stiffness matrix, [ Ky, ] the large displacementmatrix that con-
tains terms that are linear or quadratic in {a}, and [K,] a stiffness
matrix that contains terms related to initial out-of-plane imperfec-
tion. The A is a load factor, and {F '}, is the reference nodal force
vector. The T¢ is the transformation matrix.

Nonlinear deflections are obtained by solving Egs. (13) using the
Newton-Raphson iteration method. Equation (13) can be replaced
with the following two iterative equations:

[Kr(@)){da} = A{F}wer — [K (a) {a}
(16)

{8a) = {a}y "' —{a)’

where r is the number of iterations. The tangent stiffness matrix
[Kr(a)]is

a
[Kr(a)] = m([K(a)]{a}) a7
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III. Numerical Results and Discussion

To examine the accuracy of the proposed method, a delaminated
beam-plate under axial compression is considered. Delamination
can be placed in any position along the in-plane direction. The
number of delaminationsand the size of each delamination are cho-
sen arbitrarily. It is assumed that the lengths of the delaminated
zones are not increased when loading is applied. Unilateral contacts
between the interface of delaminated zones are considered in the
present study to avoid the physically inadmissible buckling mode
shape. In the present study, we used the contact algorithm of Ref. 5.
Two cases of a composite beam-plateunder axial compression were
considered: unidirectional and cross-ply composite beam-plate.

A. Unidirectional Composite

An example of a composite with multiple delaminations under
axial compressionis presented to validate the present method. The
material used in this example is a random short-fiber SMC-R50
composite whose properties are as follows:

E,; =10.9GPa (1.58 x 10° psi)
E,, =7.58 GPa (1.10 x 10° psi)
G, =2.48 GPa (0.36 x 10° psi)
G 3 =2.48 GPa (0.36 x 10° psi)

V12:0.31, Vi3 =0.22

The geometric configurations of this example are shown in Fig. 2.
Composite laminates containing two delaminations with respect to
midplane and three delaminations with an additional one at the mid-
plane are considered. The thickness-to-spanratio 2/ L is assumed to
be T'() Postbucklinganalysisis performed for @ = 0.3 and 7 = 0.125.
The results of a full layerwise model are reproduced here for com-
parison with the present method.

In this case, initial imperfection shapes are obtained for the low-
est bifurcation buckling mode. In Figs. 3 and 4, the results of the
presentmethod are compared with those of the full layerwise model.
As soon as the laminate is subjected to the applied load, the upper
layer tends to deflect upward and opens the upper delamination,
and the lower delamination always remains closed. The curves for
both the two- and three-delamination composites almost coincide
until P =0.4. As the load increases, the laminate deflect down-
ward globally. For the two- and three-delaminationcomposites, the
postbucklingmechanism is the same and the global behavior of the
composite is similar to that of the one-delamination case.

The total number of degrees of freedom for the layerwise and pre-
sentmodelsis givenin Figs. 3 and 4. In multiple delaminationcases,
the present method gives reliableresults for postbucklingbehaviors.

B. Cross-Ply Composite
To investigate the bending-stretching coupling effect and the
boundary condition effect, the [0/90/0/90], symmetric cross-ply
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1 T

Present 321 DOF Layerwise 492 DOF

0.8 q

0.6 X

0.4+ B
— — J. Lee :lower layer
— J. Lee :upper layer
X Present : lower layer
0.2r O Present : upper layer 7
0 | | |
-0.4 -0.2 0 0.2 0.4

Fig.4 Load-deflection curve of three-delamination composites.

a

L [
2

(ST

Fig.5a Geometry of a cross-ply composite with a single delamination.

1 T T T

Present 294 DOF Layerwise 492 DOF

L X ] 4

0.8 . " 2,

-~ (o]

~ . X Q

O

X o]

R o
0.6} E

P ' Linear buckling load

0.4 g

— — J. Lee :lower fayer

— J. Lee :upper layer
X Present : lower layer
02r O Present : upper layer

Q L L L L L L L
-0.4 -03 -0.2 -01 0 0.1 0.2 0.3 0.4

Fig.5b Load-deflection curve of an [0/90/90/0]; laminate with clamped
ends.

composites containing one delamination at the first layer with
clamped-clamped and simply supported ends are considered; each
ply has the same thickness. The configuration of a cross-ply com-
posite with a single delaminationis given in Fig. 5a.

The material used in this example is as follows:
E, =25 x 10° psi,

E;=1x10psi, G.;=0.5x10°psi

Grr=0.2 x 10°psi, vy =vrr =0.25
where E, G, and v represent,respectively,the Young’s modulus, the
shearmodulus, and the Poisson’s ratio of the material. The subscripts
L and T denote longitudinal and transverse direction, respectively.

The composite laminates are moderately thick (L/h = 10), and
the delaminated layer is relatively thin (t/h =0.125). For a com-
posite with clamped-clamped ends, the load-deflection curves are
shown in Fig. 5b. Because of the delamination, the delaminated re-
gion is asymmetric and bending-stretching couplingis present. The
initialimperfectionis § = 2woh[1 — cos(2rx /L)], wy =0.001,and
the initial delamination opening is set to zero.

In this case, the postbuckling mechanism is similar to those
of the two- and three-delamination cases. However, unlike the
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Fig. 5¢c Load-deflection curve of an [0/90/90/0]; laminate with simply
supported ends.

unidirectional composite, the buckling load calculated from the lin-
ear bifurcation analysis is different from that of postbuckling anal-
ysis, as shown in Fig. 5b.

For a composite with simply supported ends, the load-deflection
curves are shown in Fig. 5c. To satisfy the boundary condition, the
initial imperfectionis taken as § = wg sin(;rx /L), wy = 0.001. Once
more, the postbucklingresponseof this case is significantly different
from thatof the linear bifurcationanalysis.In this case, the predicted
linear buckling load significantly overestimates the global buckling
of the structure.

However, the linear buckling loads may underestimate the global
buckling load in the different stacking sequences, as reported in
Ref. 5. From this observation, the linear bifurcation buckling loads
are quite different from the results of the postbuckling analysis be-
cause they depend on the through-the-thickress position of delam-
inations, the stacking sequence, and the boundary conditions.

For the cross-ply cases, the results of the present global-local
method show a slight deviation from those of the full layerwise
model as the loads and deflections increase. However, the load-
deflection curves of the present method agree reasonably well with
those of the layerwise theory and the present model requires a
smaller number of degrees of freedom than the layerwise model,
as shown in Figs. 5b and 5c.

IV. Conclusions

In the present study, an efficient numerical model was developed
to study the postbucklingbehaviors of delaminated composites. The
analysis was based on the one-dimensional beam-plate model with
multiple delaminations.

A global-local approachfor postbucklingproblems with multiple
delaminations was presented. A novel transition element between
the layerwise element region and the first-order shear deformation
zone was proposed by using a matching technique between first-
order and layerwise models. This transition element is easy to im-
plement and performs very well even in thick composites when
proper shear correction factors in the first-order model are chosen.

The present numerical model and solution procedure consider
the effect of initial imperfections and contact condition between
delaminated surfaces. Althoughaccurate postbucklingresponse can
be performed by using layerwise-typetheories, they require a great
deal of computing time and memory. The proposed global-local
method reduces the global degrees of freedom but still accurately
models the delaminated zone. Thus it is suitable for the analysis of
nonlinear behaviors of multiple delaminated composites.

It is expected that the realistic buckling and postbucklingbehav-
iors of composite laminates with multiple delaminated imbedded
cracks can be efficiently analyzed by the present global-local ap-
proach. This is now in progress.
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Nomenclature

= terms in bending stiffness matrix

= longitudinal bending moment

= longitudinal membrane stress resultant

longitudinal displacement

circumferential displacement

transverse displacement

semivertex angle of the conical shell

angle of fiber tow to the slant longitudinal direction in
filament winding

B

=
I

e Es<ozx
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I. Introduction

HE buckling behavior of isotropic and orthotropic coni-

cal shells under axially compressive loads and/or combined
loads has been studied experimentally and analytically by many
researchers.!~7 However, for laminated composite conical shells
there has been very limited literature available on experimental and
analyticalinvestigationof bucklingbehaviorof compositelaminated
shells.®~1° In this study, an experimental investigation is presented
to discuss the buckling behavior of nine carbon-fiber-reinforced
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